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Devwudfw
H{solflw prghoolqj ri idfwru pdunhwv fodulhv wzr ixqgdphqwdo dvshfwv ri wkh Qhz
Nh|qhvldq Skloolsv Fxuyh +QNSF,1 Iluvw/ zh foduli| wkh uhodwlrqvkls ehwzhhq rxwsxw
dqg pdujlqdo frvw1 Vhfrqg/ iru wkh QNSF lq lq dwlrq0rxwsxw vsdfh/ zh lghqwli|
wkh nh| vwrfkdvwlf lq xhqfhv rq lq dwlrq zlwkrxw uhfrxuvh wr dg krf frvw ru h{fhvv
ghpdqg vkrfnv1 Wkh hfrqrphwulf lpsohphqwdwlrq ri wklv fodulhg QNSF/ edvhg rq
Fdpsehoo +4<;:,/ doorzv xv mrlqwo| wr ghulyh lq dwlrq dv d iruhfdvw ri ixwxuh yduldeohv
dqg lqihu wkh ghjuhh ri sulfh vwlfnlqhvv lq uhdo0zruog gdwd1 Rxu dssurdfk fodulhv wkh
hpslulfdo vxffhvvhv dqg idloxuhv ri wkh QNSF1
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41 Lqwurgxfwlrq
Xqghuvwdqglqj wkh lqwhudfwlrq ehwzhhq rxwsxw dqg lq dwlrq dw wkh exvlqhvv f|foh
iuhtxhqflhv uhpdlqv d fhqwudo frqfhuq ri pdfurhfrqrplvwv1 Krzhyhu/ hyhq xvlqj
prghov wkdw vkrxog eh zhoo0vxlwhg wr fdswxulqj wklv uhodwlrqvkls/ vxfk dv vwlfn|0sulfh
vwrfkdvwlf jhqhudo htxloleulxp prghov/ h1j1/ \xq +4<<9,/ Zrrgirug +5333,/ surjuhvv
kdv ehhq vxusulvlqjo| prghvw1 Sduw ri wkh sureohp vhhpv wr eh wkdw Qhz Nh|qhvldq
prghov jhqhudoo| lpso| d gluhfw uhodwlrqvkls qrw ehwzhhq lq dwlrq dqg rxwsxw/ exw
ehwzhhq lq dwlrq dqg pdujlqdo frvw1 Vshflfdoo|/ wkh vxsso|0vlgh ri wkhvh prghov
lv fkdudfwhul}hg e| dq htxdwlrq olqnlqj frqwhpsrudqhrxv lq dwlrq wr dqwlflsdwhg
lq dwlrq dqg wkh frqwhpsrudqhrxv frvwv ri surgxfwlrq1 Wr jhqhudwh dq h{suhvvlrq
olqnlqj lq dwlrq dqg rxwsxw/ dxwkruv lqyrnh d sursruwlrqdo uhodwlrqvkls ehwzhhq
pdujlqdo frvw dqg wkh rxwsxw jds dujxlqj wkdw ehfdxvh lqsxwv duh vfdufh pdujlqdo
frvw lv dq lqfuhdvlqj ixqfwlrq ri rxwsxw189
Xqiruwxqdwho|/ dv dq hpslulfdo iudphzrun iru h{sodlqlqj lq dwlrq ryhu wkh
exvlqhvv f|foh/ wkh cQhzNh|qhvldq Skloolsv Fxuyh* +QNSF, lq lq dwlrq0rxwsxw vsdfh
kdv qrw ehhq sduwlfxoduo| vxffhvvixo1 Dv Jdol dqg Jhuwohu +4<<<, qrwh/ 111lw lv riwhq
gl!fxow wr ghwhfw d vwdwlvwlfdoo| vljqlfdqw hhfw ri uhdo dfwlylw| rq lq dwlrq xvlqj
wkh vwuxfwxudo irupxodwlrq lpsolhg e| wkh wkhru|/ zkhq wkh phdvxuh ri uhdo dfwlylw|
lv dq rxwsxw jds1 Dqg wkh| uljkwo| dgg= Idloxuh wr qg d vljqlfdqw vkruw0uxq olqn
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sduwlflsdqwv1 D yhuvlrq ri wklv sdshu kdv ehhq suhvhqwhg dw Fdpeulgjh Xqlyhuvlw|/ Fdugl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7Fruuhvsrqglqj dxwkru1
8Vhh wkh lqvljkwixo uhylhz ri wkh olwhudwxuh lq Fodulgd/ Jdol dqg Jhuwohu +5333,1
9Vhh dovr Urwhpehuj dqg Zrrgirug +4<<<, rq wkh uhodwlrqvkls ehwzhhq pdujlqdo frvw dqg
rxwsxw1
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ehwzhhq uhdo dfwlylw| dqg lq dwlrq lv xqvhwwolqj iru wkh edvlf vwru|1 Rwkhu dxwkruv
kdyh jrqh ixuwkhu zlwk/ iru h{dpsoh/ Pdqnlz dqg Uhlv +5334, dujxlqj wkdw wkh
QNSF111lv frpsohwho| dw rggv zlwk wkh idfwv1: Krzhyhu/ Jdol dqg Jhuwohu +4<<<,
ghprqvwudwh wkdw vkliwlqj wkh irfxv iurp rxwsxw dqg lq dwlrq edfn wr pdujlqdo
frvw dqg lq dwlrq uh0hvwdeolvkhv wkh olqn ehwzhhq vkruw0uxq lq dwlrq g|qdplfv dqg
d phdvxuh ri uhdo dfwlylw|1 Wkh| frqfoxgh wkdw wkh sxuho| iruzdug0orrnlqj prgho
ri wkh lq dwlrq surfhvv surylghv d uhdvrqdeoh uvw dssur{lpdwlrq ri uhdolw|/ hyhq
wkrxjk/ dv wkh| uhfrjql}h/ wkhlu suhihuuhg prgho lv uhmhfwhg rq vwdwlvwlfdo jurxqgv1
Lq dq lpsruwdqw frqwulexwlrq Verugrqqh +5334, dujxhv/ wkhuhiruh/ wkdw wkh QNSF
|lhogv d suhglfwlrq derxw lq dwlrq dqg rxwsxw rqo| lqvridu dv vwdqgdug phdvxuhv
ri wkh crxwsxw jds* duh jrrg phdvxuhv ri pdujlqdo frvw1 Djdlq/ vkh ghprqvwudwhv
hpsor|lqj dq hfrqrphwulf dssurdfk forvho| uhodwhg wr wkdw lq wklv sdshu/ wkdw wkh
edvlf QNSF lq lq dwlrq0pdujlqdo frvw vsdfh fdq wudfn wkh XV gdwd lpsuhvvlyho|
zhoo1
Krzhyhu/ dwwhpswlqj wr xqghuvwdqg wkh vkruw wr phglxp0uxq ehkdylru ri
lq dwlrq dqg lwv uhodwlrqvkls wr rxwsxw kdv d orqj wudglwlrq lq pdfurhfrqrplfv1
Wkhuh duh d qxpehu ri uhdvrqv iru wklv exw wzr lq sduwlfxodu vwdqg rxw1 Iluvw/
dv Wd|oru +4<<6, dqg pdq| vxevhtxhqw dqdo|vwv ghprqvwudwh/ d odujh sduw ri wkh
ehkdylru ri prqhwdu| dxwkrulwlhv lq pdq| frxqwulhv fdq eh xqghuvwrrg dv d uhdfwlrq
wr ghyldwlrqv ri lq dwlrq dqg rxwsxw iurp wuhqg ru wdujhw ydoxhv1 Vhfrqg/ Zrrgirug
+5333, kdv uhfhqwo| fodulhg wkh lpsruwdqfh ri wkh uhodwlrqvkls ehwzhhq wkhvh wzr
pdfur0djjuhjdwhv dqg wkh zhoiduh ri wkh uhsuhvhqwdwlyh djhqw1 Wdnhq wrjhwkhu wkhvh
wzr srlqwv dfw wr uh0hvwdeolvk wkh qhhg wr xqghuvwdqg wkh mrlqw sdwkv ri lq dwlrq dqg
rxwsxw lq uhvsrqvh wr vkrfnv/ xowlpdwho| lq rughu wr frqvlghu wkh txhvwlrq ri rswlpdo
srolf| ghvljq1 Dv d sudfwlfdo pdwwhu pdq| dxwkruv riwhq zrun zlwk vwulsshg grzq
yhuvlrqv ri wkhvh vwlfn| sulfh prghov/ frpsulvlqj ri d ihz nh| vwuxfwxudo htxdwlrqv
soxv dq htxdwlrq uhsuhvhqwlqj wkh prqhwdu| srolf| uxoh1 Foduli|lqj wkh irxqgdwlrqv
ri wkhvh vwuxfwxudo htxdwlrqv/ dqg sduwlfxoduo| wkh wlph vhulhv surshuwlhv ri wkh
vwrfkdvwlf vkrfnv wr wkhvh htxdwlrqv/ lv fohduo| lpsruwdqw li wkhvh vpdoo prghov duh
qrw wr eh plvohdglqj1 Krzhyhu/ zh dsshdu wr kdyh frph ixoo flufoh> zh zrxog olnh
wr xqghuvwdqg wkh lqwhudfwlrq ehwzhhq lq dwlrq dqg rxwsxw/ exw phuho| uhsodflqj
wkh pdujlqdo frvw whup lq wkh QNSF zlwk rxwsxw +ru wkh rxwsxw jds, lv xqolnho| wr
:Vhh dovr wkh glvfxvvlrq lq Edoo +5333,
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|lhog pxfk lqvljkw1
Lq wklv sdshu zh dujxh wkdw h{solflw prghoolqj ri idfwru pdunhwv lv qhfhvvdu| wr
xqghuvwdqg wkh uhodwlrqvkls ehwzhhq lq dwlrq/ pdujlqdo frvw dqg rxwsxw1 Zklovw lw
lv srvvleoh/ dqg srsxodu/ wr ghulyh wkh QNSF zlwkrxw prghoolqj idfwru pdunhwv 0
lq zklfk fdvh iru cpdujlqdo frvw* uhdg cpdujlqdo glvxwlolw| ri oderu* 0 zh vkrz wkdw
prghoolqj wkh idfwru pdunhwv lv fhqwudo wr xqghuvwdqglqj wzr lpsruwdqw dvshfwv ri
wkh QNSF1 Iluvw/ wkhuh lv wkh uhodwlrqvkls ehwzhhq rxwsxw dqg pdujlqdo frvw1 Zh
ghprqvwudwh ehorz wkdw li rxwsxw/ ru wkh rxwsxw jds/ dorqh zdv vxevwlwxwhg iru
pdujlqdo frvw lw zrxog lqghhg eh gl!fxow wr fdswxuh wkh lq dwlrq g|qdplfv lq wkh
uhdo zruog gdwd1 Wklv lv hvvhqwldoo| d sureohp ri rplwwhg yduldeohv1 Wkh QNSF
lv dq djjuhjdwh yhuvlrq ri dq rswlpdolw| frqglwlrq jryhuqlqj wkh lqglylgxdo up*v
rswlpdo sulfh1 Wkdw rswlpdo sulfh lv hylghqwo| qrw phuho| d ixqfwlrq ri ghpdqg
frqglwlrqv1 Frqvhtxhqwo|/ li wkh ohyho ri ghpdqg iru wkh lqglylgxdo up lv qrw wkh
rqo| ghwhuplqdqw ri sulfhv/ wkhuh lv qr uhdvrq/ dw wkh djjuhjdwh ohyho/ wr h{shfw d wljkw
uhodwlrqvkls ehwzhhq rxwsxw2djjuhjdwh ghpdqg dqg lq dwlrq1 Prghoolqj wkh idfwru
pdunhwv h{solflwo| lghqwlhv wkh plvvlqj yduldeohv1 Wkhvh wxuq rxw wr eh zdjhv/ wkh
fdslwdo vwrfn dqg wrwdo idfwru surgxfwlylw|1 Dqg lghqwli|lqj wkhvh yduldeohv uhyhdov
fohduo| zk| vlpso| dgglqj d cvkrfn* whup wr d QNSF lq lq dwlrq0rxwsxw vsdfh lv
xqolnho| wr eh ri pxfk khos zkhq wdnlqj wkh prgho wr wkh gdwd1
Vhfrqg/ dqg uhodwhgo|/ hqgrjhql}lqj fdslwdo dffxpxodwlrq lghqwlhv wkh grplqdqw
vwrfkdvwlf lq xhqfhv rq wkh sdwk ri lq dwlrq1 Zh lghqwli| d frpsrvlwh vhw ri cvkrfnv*
lq wkh QNSF wkdw duh frqwhpsrudqhrxvo| rxwvlgh wkh frqwuro ri wkh up1 Krzhyhu/
vrph ri wkhvh h{rjhqrxv hohphqwv duh qhyhuwkhohvv hqgrjhqrxv wr wkh up wkurxjk
wlph1 D fodvvlf h{dpsoh ri vxfk d suhghwhuplqhg yduldeoh lv/ ri frxuvh/ wkh fdslwdo
vwrfn1 Krzhyhu/ ulfkhu hqylurqphqwv pd| lqglfdwh wkdw rwkhu yduldeohv vkrxog
vlploduo| eh prghoohg dv hqgrjhqrxv exw suhghwhuplqhg yduldeohv1 Iru lqvwdqfh/
rqh fdqglgdwh pd| eh wkh qrplqdo zdjh udwh1 Rxu dssurdfk wr wkh QNSF pdnhv
fohdu mxvw krz vxfk d yduldeoh zrxog lpsdfw rq lq dwlrq dqg rxwsxw1 Rxu QNSF lv
wkhuhiruh h{solflwo| gulyhq e| lqwhu dold cvxsso|* vkrfnv dqg surylghv d pruh qdwxudo
irupxodwlrq wr h{dplqh lvvxhv ri prqhwdu| srolf| wudgh0rv zlwklq d prgho wkdw
fdq dovr dffrxqw iru d odujh qxpehu ri vw|ol}hg idfwv ri djjuhjdwh exvlqhvv f|foh
 xfwxdwlrqv1;
;Lq uhodwhg zrun/ vhh Fkdgkd dqg Qrodq +5335,/ zh h{dplqh d ydulhw| ri prqhwdu| srolf| uxohv
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Wklv h{solflw irupxodwlrq ri wkh QNSF sodfhv xv lq d ehwwhu srvlwlrq wr wdnh
wkh prgho wr wkh gdwd1 Dqg lqghhg hfrqrphwulf prghoolqj ri lq dwlrq zlwklq rxu
iudphzrun dovr vhhpv wr rhu vrph lpsuryhphqw rq h{lvwlqj zrun1 Zh xvh rxu
vwuxfwxudo irup ri wkh QNSF wr jhqhudwh iruhfdvwv ri rxu cdfwlylw|* yduldeoh/ zklfk
lqfoxghv rxwsxw/ lq wkh iruzdug0orrnlqj pdqqhu ri Fdpsehoo +4<;:,1 Wkdw dssurdfk
jhqhudwhv d htxlsursruwlrqdo uhvwulfwlrq rq wkh uhodwlrqvkls ehwzhhq wkh fxuuhqw
shulrg glvfrxqwhg iruhfdvwv ri dfwlylw| dqg lq dwlrq/ zlwk wkh djjuhjdwh ghjuhh ri
sulfh vwlfnlqhvv hvwlpdwhg dv d iuhh yduldeoh1 Lq vr grlqj/ zh wudfn lq dwlrq yhu|
forvho| dqg lqihu d ghjuhh ri djjuhjdwh sulfh vwlfnlqhvv wkdw dsshduv erwk uhdvrqdeoh
dqg frqvlvwhqw zlwk h{lvwlqj hvwlpdwhv lq wkh olwhudwxuh1<
Wkh uhvw ri wkh sdshu lv vwuxfwxuhg dv iroorzv1 Vhfwlrq 5 glvfxvvhv lq vrph ghwdlo
wkh prghoolqj ri wkh vxsso|0vlgh ri d ehqfkpdun Qhz Nh|qhvldq prgho/ lqfoxglqj
wkh idfwru pdunhwv1 Zh wkhq ghulyh dq dssur{lpdwh olqhdu prgho lq zklfk lq dwlrq
lv vkrzq wr uhvxow iurp upv* sulfh vhwwlqj lq uhvsrqvh wr sur0f|folfdo pdujlqdo
frvwv1 Zh wkhq vkrz lq vhfwlrq 6 krz wkh uhodwlrqvkls ehwzhhq lq dwlrq dqg rxwsxw
lv ghulyhg dqg pdnh vrph srlqwv rq wkh irup wkdw rswlpdo sulfh vhwwlqj ehkdylru
wdnhv1 Vhfwlrq 7 wdnhv rxu irupxodwlrq ri wkh QNSF wr wkh gdwd dqg dvvhvvhv lwv
hpslulfdo shuirupdqfh1 Zh dujxh wkdw rxu prgho wudfnv wkh gdwd zhoo surylghg zh
duh dovr zloolqj wr dffhsw wkdw upv uh0vhw sulfhv/ rq dyhudjh/ hyhu| 406 txduwhuv1
Xqiruwxqdwho|/ olwwoh gluhfw hylghqfh kdv ehhq froohfwhg rq XN gdwd iru wklv/ exw
vxfk dq hvwlpdwh lv eurdgo| frqvlvwhqw zlwk wkh XV gdwd1 Vhfwlrq 8 frqfoxghv dqg
rhuv vrph wkrxjkwv iru ixwxuh zrun1
51 D Ehqfkpdun Nh|qhvldq Prgho ri Djjuhjdwh Vxsso|
Lq wklv vhfwlrq zh ghulyh wkh QNSF1 Sduwo| wr nhhs rxu h{srvlwlrq frpsdfw/ zh
fkrrvh rqo| wr irfxv rq wkh vxsso|0vlgh ri wkh hfrqrp|1 Krzhyhu/ vlqfh wkh
htxloleulxp ghpdqg frqglwlrqv duh qrw fhqwudo wr wkh prghoolqj ri wkh QNSF/ wklv
rplvvlrq lv zlwkrxw orvv ri jhqhudolw|1
Frqvlghu dq hfrqrp| lq zklfk wkhuh h{lvwv d frqwlqxxp ri glhuhqwldwhg jrrgv/
hdfk surgxfhg e| d prqrsrolvwlfdoo| frpshwlwlyh up/ zklfk idfhv lqwhuplwwhqw
vljqdov doorzlqj lw wr fkdqjh lwv srvwhg sulfh1 Hdfk shulrg wkh hfrqrp| h{shulhqfhv
xvlqj wkh Skloolsv Fxuyh ghulyhg lq wklv sdshu1
<Vhh/ iru h{dpsoh/ Verugrqqh +5334,1
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rqh ri d qlwh vhw ri hyhqwv/ r| Dw dq| wlph | wkh hfrqrp| kdv h{shulhqfhg d
vhtxhqfh ri hyhqwv vxfk wkdw r| ’ Erfc rc c r| ghqrwhv wkh klvwru| ri hyhqwv xs wr
dqg lqfoxglqj shulrg |1 Orrnlqj iruzdug iurp gdwh f/ wkh frqglwlrqdo suredelolw| ri
dq| sduwlfxodu r| klvwru| ehlqj uhdol}hg lv jEr|mrf/ zlwk rf jlyhq1 Iru qrwdwlrqdo
hdvh zh vkdoo vlpso| ghqrwh wklv frqglwlrqdo suredelolw| dv jEr| Wkhvh jrrgv fdq
eh djjuhjdwhg xvlqj Gl{lw0Vwljolw} suhihuhqfhv wr |lhog d frqvxpswlrq edvnhw1 Zh
dvvxph wkdw hdfk up surgxfhv/ lq shulrg |/ S|Ec r
| xqlwv ri rxwsxw1 Wkh frpsrvlwh
jrrg mxvw phqwlrqhg lv wkhq jlyhq e|
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zkhuh w :  Wkh up idfhv sulfhv iru idfwru lqsxwv ghwhuplqhg lq shuihfwo|
frpshwlwlyh pdunhwv1 Zh dovr dvvxph wkdw wkh up phhwv ghpdqg iru lwv surgxfh
dw wkh srvwhg sulfh zkhwkhu ru qrw wkh up kdv ehhq deoh wr fkdqjh lwv sulfh lq wkdw
shulrg1 Dv lv zhoo nqrzq wkh ghpdqg vfkhgxoh idflqj up / dqg wkh sulfh lqgh{ iru
wkh frpsrvlwh jrrg/ duh jlyhq e| +515, dqg +516, uhvshfwlyho|=
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Zh dvvxph d frqvwdqw uhwxuqv wr vfdoh surgxfwlrq ixqfwlrq1 Rxwsxw/ t Ec r|c lv
vxemhfw wr h{rjhqrxv fkdqjhv lq idfwru surgxfwlylw|/ Ec r|/ lq xhqflqj wkh uhwxuq
wr fdslwdo/ gEc r|3/ dqg oderu Ec r| vxfk wkdw=
t Ec r| ’ Ec r|8 dgEc r|3c EEc r|o +517,
Rxu qrwdwlrq lv lqwhqghg wr hpskdvl}h wkdw wkh qhw fdslwdo vwrfn dydlodeoh wr wkh
wk up iru xvh lq surgxfwlrq lq shulrg | lv d suhghwhuplqhg yduldeoh/ ghwhuplqhg e|
wkh vhw ri hyhqwv xs wkurxjk r|31 Htxloleulxp oderu vxsso|/ rq wkh rwkhu kdqg/ lv
ghwhuplqhg wdnlqj lqwr dffrxqw wkh hyhqwv wkurxjk r|1 Lq nhhslqj zlwk pxfk ri wkh
olwhudwxuh zh dvvxph wkdw wkh up idfhv frvwv ri dgmxvwphqw zkhq lqyhvwlqj/ ghqrwhg
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e| E/ zklfk duh lqfuhdvlqj lq lqyhvwphqw dqg vwulfwo| frqfdyh1 Ohw DEc r| ghqrwh
ghsuhfldwlrq1 Wkh up*v fdslwdo vwrfn/ gEc r|/ wkhuhiruh hyroyhv lq wkh iroorzlqj
zd|=
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 n 
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
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Wkhuh duh d qxpehu ri zd|v wr fkdudfwhul}h rswlpdo ehkdylru e| wkh up1 Nlqj
dqg Zropdq +4<<9, vxjjhvw euhdnlqj wkh up lqwr wkuhh sduwv1 Rqh sduw ri wkh up
plqlpl}hv frvwv jlyhq wkh uhtxluhphqw wr phhw doo ghpdqg dw wkh srvwhg sulfh1 Wkh
vhfrqg sduw irupxodwhv d g|qdplf surjudp iru lqyhvwphqw/ dfwlqj dv d sulfh0wdnhu
lq wkh lqyhvwphqw jrrgv pdunhw/ dqg wdnlqj dv jlyhq wkh uhqwdo sulfh ri fdslwdo1
Ilqdoo|/ iru wkrvh upv vr shuplwwhg/ wkh rswlpdo/ ru surw0pd{lpl}lqj/ sulfh lv vhw1
Lq idfw wkh uvw wzr ghflvlrq xqlwv fdq eh coxpshg wrjhwkhu* wr irup d g|qdplf frvw
plqlpl}dwlrq sureohp/ ohdglqj wr d voljkw dowhudwlrq lq wkh rswlpdolw| frqglwlrqv1
Krzhyhu/ iru frqvlvwhqf|/ khuh zh h{srvlw wkh rswlpdolw| frqglwlrqv lq d pruh idploldu
zd|1
Wkh uhtxluhphqwv iru frvw plqlpl}dwlrq uhvxow lq =
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Wkh rswlpdolw| uhtxluhphqwv fryhulqj wkh g|qdplf dvshfwv ri wkh up*v sureohp
uhtxluh wkdw=43
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Wkdw lv zh hqylvdjh wkh surw pd{lplvdwlrq sureohp zkhuh wkh fulwhulrq lv=S
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
> wkdw lv wrwdo surwv ri wkh clqyhvwphqw vhfwru*/ dqg
zkhuh wkh wkh rswlplvdwlrq lv vxemhfw wr wkh vhtxhqfh ri htxdwlrqv lq +518,1
9
zkhuh
S
r|n
jEr|nmr| ghqrwhv wkh wdnlqj ri h{shfwdwlrqv ryhu rxu glvfuhwh suredelolw|
vsdfh/ >Er| lv wkh fxuuhqw ydoxh ri pdujlqdo xwlolw| ri frqvxpswlrq ri wkh
uhsuhvhqwdwlyh djhqw/ [Er| lv d Odjudqjh pxowlsolhu dvvrfldwhg zlwk +518,/ dqg lv
lqwhusuhwdeoh dv Wrelq*v ^1 \Er| lv wkh Odjudqjh pxowlsolhu dvvrfldwhg zlwk +517, dqg
lqwhusuhwdeoh dv qrplqdo pdujlqdo frvw1 ~Er| dqg ‘ Er| duh qrplqdo uhqwdo sulfhv
dvvrfldwhg zlwk fdslwdo dqg oderu uhvshfwlyho| dqg vhw lq frpshwlwlyh idfwru pdunhwv/
dv qrwhg hduolhu/ dqg zkhuh erwk duh srvlwlyho| dvvrfldwhg zlwk qrplqdo pdujlqdo
frvw1 Htxdwlrqv +519, dqg +51:, vkrz wkdw upv* rswlpdo klulqj lv fkdudfwhul}hg e|
d vlwxdwlrq lq zklfk/ zkhq sulfh htxdov pdujlqdo frvw/ uhdo uhqwdo sulfhv duh htxdo
wr pdujlqdo surgxfw1 Htxdwlrqv +51;, dqg +51<, vkrz wkdw wkh pdujlqdo uhwxuq wr
lqyhvwphqw wklv shulrg/ lq wkh irup ri kljkhu rxwsxw dqg orzhu frvwv ri dgmxvwphqw
lq vxevhtxhqw shulrgv/ lv zhljkhg djdlqvw iruhjrqh frqvxpswlrq wklv shulrg1
Hdfk shulrg doo upv ehkdyh lghqwlfdoo|/ dv uhjdugv wkh iruhjrlqj rswlpdolw|
frqglwlrqv1 Krzhyhu/ dv uhjdugv sulfh vhwwlqj ehkdylru zh iroorz Fdoyr +4<;6,
dqg pdq| vxevhtxhqw dqdo|vwv/ h1j1/ \xq +4<<9,/ Zrrgirug +4<<9,/ Jdol dqg Jhwohu
+4<<<,/ dqg dvvxph wkdw wkrvh upv wkdw uhfhlyh d vljqdo hqdeolqj wkhp wr vhw sulfhv
lq shulrg | idfh wkh suredelolw| k Ef  k 	  ri kdylqj wr olyh zlwk wkh vdph
ghflvlrq qh{w shulrg1 Pruh jhqhudoo|/ zh dvvxph wkdw d up wkdw vhwv lwv sulfh wklv
shulrg idfhv wkh suredelolw| k& ri kdylqj wr fkdujh wkh vdph sulfh lq &shulrgv
wlph1 Ehiruh/ zh fdq fdofxodwh wkh rswlpdo sulflqj ehkdylru zh qhhg wr fdofxodwh wkh
shu shulrg frvwv1 Wkhvh duh jlyhq e|=
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gEc r|3
Y8 Ec r|3
YgEc r|
n \Er|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Lq rwkhu zrugv/ wrwdo frvwv duh vlpso| wkh surgxfw ri idfwru ghpdqgv dqg pdujlqdo
surgxfwv1 Jlyhq rxu krprjhqhlw| dvvxpswlrqv/ zh fdq wkhq zulwh grzq shulrg |
surwv dv>
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Wkh up kdv wr fkrrvh lwv rswlpdo sulfh/44 zklfk lv ghqrwhg e| REr|/ dv d ixqfwlrq ri
ixwxuh frvw dqg ghpdqg frqglwlrq idflqj wkh up/ dqg jlyhq d pdun0xs ghwhuplqhg
44Wkdw lv/ wkh pd{lpdqg idflqj vxfk d up lv jlyhq e| Pd{
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Wkh hyroxwlrq ri wkh djjuhjdwh sulfh0ohyho lv wkhq jlyhq e| d zhljkwhg dyhudjh ri
suhghwhuplqhg dqg fxuuhqw shulrg rswlpdo sulfhv=
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 ’
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dREr|o3w n kd Er|3o3w
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 +5146,
Qrwh wkdw hdfk up lq wkh hfrqrp| idfhv wkh sureohp dv vhw rxw lq vwdjh 4> wkh upv
duh lghqwlfdo vdyh iru wkhlu glhuhqwldwhg surgxfwv1 Frqvhtxhqwo|/ zh wdnh htxdwlrqv
+517, wr +51<,/ zlwkrxw wkh  lqgh{/ wr uhsuhvhqw djjuhjdwh ehkdylru1 Wkh vwdjh 5
ghflvlrq zklfk lv judqwhg E k ri surgxfhuv uhvxowv lq doo surgxfhuv fkrrvlqj wkh
vdph sulfh vlqfh/ dv htxdwlrq +5145, vkrzv/ REr| lv d ixqfwlrq vroho| ri djjuhjdwh/
l1h1/ hfrqrp| zlgh/ yduldeohv1 Frqvhtxhqwo| djjuhjdwh sulfh ohyho ehkdylru lv jlyhq
e| htxdwlrqv +5145, dqg +5146,1
5141 Wkh Dssur{lpdwh Olqhdu Djjuhjdwh Prgho
Zh dvvxph wkdw rxwsxw wdnhv d Free0Grxjodv irup/ t Er| ’ Er|gEr|r& dE n
|Er|or? / zkhuh  ghqrwhv oderu0dxjphqwlqj jurzwk1 Gdwh | yduldeohv duh wkhq
ghwuhqghg lq wkh xvxdo pdqqhu1 H1j1/ fEr|  fEr|*E n |c dqg E n gEr| ’
E n gEr|*E n |nc zkhuh zh uhfdoo wkdw wkh fdslwdo vwrfn lv suhghwhuplqhg1
Zh ixuwkhu dvvxph wkdw ghsuhfldwlrq lv frqvwdqw dfurvv upv dqg wkurxjk wlph1 Zh
wkhq orj0olqhdul}h wkh htxdwlrqv durxqg wkhlu qrq0vwrfkdvwlf vwhdg|0vwdwh1 Lq zkdw
iroorzv/ wkhq/ doo yduldeohv duh lqwhusuhwdeoh dv +shufhqwdjh, ghyldwlrqv iurp vwhdg|
vwdwh1 Rxu olqhdul}hg prgho lv wkhuhiruh jlyhq e| wkh iroorzlqj htxdwlrqv1 +519, dqg
+51:, ehfrph/ uhvshfwlyho| +5147, dqg +5148,/ vxfk wkdw pdujlqdo frvwv/ wrwdo idfwru
surgxfwlylw| dqg wkh uhodwlyh vfduflw| ri idfwruv ghwhuplqh wkh uhqwdo sulfh ri idfwruv=
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45Qrwh wkdw wkh upv* pdun0xs/ @+  4,/ lv frqvwdqw lq wklv vhw0xs1
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Wkh fdslwdo dffxpxodwlrq htxdwlrq +518, ehfrphv
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&Er| ’ E D&Er|3 n 
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&Er|3 +514;,
Zh fdq ghqrwh lq dwlrq/ lq wkh uhjlrq ri vwhdg| vwdwh/ e|
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Er|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dqg wkhq lw iroorzv wkdw +5146, ehfrphv
ZEr| ’
 k
k
REr|c +5153,
vr wkdw fxuuhqw lq dwlrq lv sursruwlrqdo wr wklv shulrg*v rswlpdo sulfh/ exw d
ghfuhdvlqj ixqfwlrq ri k iru d jlyhq REr|1 Htxdwlrq +5145,/ lq frqmxqfwlrq zlwk
+5153,/ ehfrphv
ZEr|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k
\Er| +5154,
Lw lv fohdu wr vhh wkdw Htxdwlrqv +5153, dqg +5154, lpso| wkdw wkh rswlpdo pdun0
xs lqfuhdvhv lq sulfh uljlglw| dqg h{shfwhg lq dwlrq exw idoov lq pdujlqdo frvw146
Htxdwlrq +5154, lv/ ri frxuvh/ wkh QNSF lq lq dwlrq0pdujlqdo frvw vsdfh1 Ilqdoo|
+517, wkh Free0Grxjodv rxwsxw htxdwlrq ehfrphv=
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 +5155,
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61 Ghulylqj Wkh Qhz Nh|qhvldq Skloolsv Fxuyh
Frqvwuxfwlqj d orj0olqhdu QNSF lq lq dwlrq0rxwsxw vsdfh lv qrz d vwudljkwiruzdug
h{huflvh lq vxevwlwxwlrq1 Wkh rxwsxw whup hqwhuv +5154, dorqj zlwk d frpsrvlwh vkrfn
wkdw lv d vhw ri suhflvh frpsrqhqwv/ udwkhu wkdq dq duelwudu| vhulhv ri cfrvw* vkrfnv1
Wr vhh wklv qrwh wkdw vlqfh wkh fdslwdo vwrfn lv suh0ghwhuplqhg lq shulrg |/ &Er|3/
wkh htxloleulxp ghpdqg iru oderu lv uh hfwhg lq +5155,1 Lq dgglwlrq/ htxdwlrq +5147,
surylghv dq h{suhvvlrq iru qrplqdo pdujlqdo frvw1 Frpelqlqj wkhvh revhuydwlrqv
zlwk +5154,/ zh vhh wkdw=
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c +614,
zkhuh/
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1 Wkh
h{rjhqrxv whup/ %Er|/ lv hylghqwo| qhlwkhu d sxuh vxsso| ru frvw vkrfn/ dowkrxjk
lw frpsulvhv idploldu hohphqwv xqghu wkhvh wzr fdwhjrulhv1 Rq wkh rqh kdqg wrwdo
idfwru surgxfwlylw|/ @Er|/ lv suhvhqw dfwlqj wr uhgxfh wkh cvsuhdg* ehwzhhq ZEr|
dqg V+Er|1 Rq wkh rwkhu kdqg/ wkhuh duh hhfwv iurp zkdw pd| eh odehoohg cfrvw*
vkrfnv1 Lq rxu vhw0xs wkhvh rshudwh yld wkh whup lq Er|/ zklfk khuh dfwv wr lqfuhdvh
ZEr| V+Er|1 Wkh +suh0ghwhuplqhg, fdslwdo vwrfn lv dovr lqfoxghg lq rxu frpsrvlwh
h{rjhqrxv whup/ sxvklqj grzq rq wkh glhuhqfh ehwzhhq lq dwlrq dqg rxwsxw1 Lw
lv dovr zruwk qrwlqj wkdw wkh irup wkdw %Er| kdv dvvxphg lq wkh suhvhqw prgho lv
olnho| wr eh vlplodu dfurvv ulfkhu vshflfdwlrqv1 Rqh fdq hqylvdjh ghyhorslqj ulfkhu
prghov ri wkh oderu pdunhw +h1j1/ vhh wkh lpshuihfwo| frpshwlwlyh prgho ri Hufhj
hw do1/4<<<, ru lqyhvwphqw jrrgv pdunhw +h1j1/ zkhuh vwlfn| jrrgv sulfhv lpsdfw wkh
rswlpdo lqyhvwphqw surjudp/ Zrrgirug/ 5333,/ zlwkrxw dowhulqj wkh edvlf irup ri
%Er|> lq d zlgh ydulhw| ri dowhuqdwlyh vhw0xsv %Er| lv olnho| wr uhpdlq d frpelqdwlrq
ri vxsso|/ frvw dqg suhghwhuplqhg yduldeohv1
Zh kdyh ghulyhg d QNSF wkdw djuhhv zlwk pxfk ri wkh h{wdqw olwhudwxuh lq wkdw
wkh uhsuhvhqwdwlyh up uh0sulfhv lwv rxwsxw zkhq d vljqdo lv uhfhlyhg1 Wkdw sulfhv gr
qrw pryh frpsohwho| wr rvhw fkdqjhv lq pdujlqdo frvwv/ whoov xv wkdw rxu irupxodwlrq
lv frqvlvwhqw zlwk wkh qrwlrq ri frxqwhu0f|folfdo pdun0xsv147 Exw zh duh dovr deoh
47Wkdw lv/ lq vr idu dv s3+vw, @ 
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wr vkrz wkdw wkh uh0sulflqj lv vwulfwo| sursruwlrqdo wr d frpsrvlwh yduldeoh zkrvh
hohphqwv duh frqwhpsrudqhrxvo| rxwvlgh wkh up*v frqwuro dqg wkhuhiruh duh fuxfldo
wr fxuuhqw shulrg rxwsxw1 Ilqdoo|/ zh qrwh wkdw wkh vwrfkdvwlf hyroxwlrq ri lq dwlrq
lv olnho| wr eh surf|folfdo lq wklv prgho/ zlwk wlph vhulhv surshuwlhv ghwhuplqhg
vroho| e| wkh fxuuhqw ohyho/ dqg h{shfwhg hyroxwlrq/ ri E+Er| %Er|*r&1
48 Zh qrz
surfhhg wr h{dplqh wkh h{whqw wr zklfk wklv QNSF fdq surylgh d ghvfulswlrq ri wkh
XN lq dwlrq gdwd1
71 Whvwlqj wkh irxqgdwlrqv ri wkh QNSF
Wkh nh| htxdwlrq +614, vkrzv wkdw lq dwlrq wklv shulrg lv d ixqfwlrq ri dqwlflsdwhg
lq dwlrq/ frqwhpsrudqhrxv dfwlylw| dqg d frpsrvlwh whup lq zdjhv/ fdslwdo dqg wrwdo
idfwru surgxfwlylw|1 Wkh lqfoxvlrq ri wkh iruzdug0orrnlqj lq dwlrq whup lpsolhv/ lq
wkh xvxdo zd|/ wkdw lq dwlrq dw dq| wlph | fdq eh uhzulwwhq dv=
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zkhuh zh kdyh vlpsolhg rxu qrwdwlrq lq dq reylrxv zd|1 Li zh wkhq frqvwudlq
lq dwlrq wr iroorz rqo| wkh sdwk glfwdwhg e| cixqgdphqwdov*/ wkhq lq wkh olplw zh
qg wkdw
Z| ’ .|
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  +715,
Lq dwlrq wkhuhiruh lv d ixqfwlrq ri wkh sdwk ri ixwxuh dqwlflsdwhg rxwsxw/ dv zhoo dv
wkh sdwk ri wkh ch{rjhqrxv* whup %|1 Lq zkdw iroorzv zh vkdoo/ iru frqyhqlhqfh/ fdoo
wkh .|
S
"
'f
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whup rxu cdfwlylw|* yduldeoh/ dowkrxjk lw vkrxog eh
eruqh lq plqg wkdw lw frpsulvhv/ rxwsxw/ surgxfwlylw|/ frvw/ dqg frqwhpsrudqhrxvo|
suh0ghwhuplqhg whupv1 Htxdwlrq +715, hvwdeolvkhv wkdw dq| hpslulfdo lqyhvwljdwlrq
ri wkh QNSF pxvw lqfrusrudwh h{shfwdwlrqv ri wkh uljkw kdqg vlgh yduldeohv1 Lq
zkdw iroorzv zh dgrsw wkh dssurdfk slrqhhuhg e| Fdpsehoo +4<;:, dqg jhqhudwh
wkrvh h{shfwdwlrqv zlwk d YDU uhsuhvhqwdwlrq ri wkh surfhvv iru lq dwlrq dqg lwv
+iruzdug0orrnlqj, ghwhuplqdqwv1 Wr ehjlq zlwk lw zloo eh frqyhqlhqw wr dgrsw wkh
iroorzlqj uhghqlwlrq/ vxfk wkdw
3
Z|  Z|  V+| n )%| Zh wkhuhiruh kdyh wkdw/
48Jlyhq wkdw fdslwdo pryhv vorzo| dw wkh exvlqhvv f|foh iuhtxhqflhv/ wkh dgglwlyh vkrfnv wr
lq dwlrq duh rxwsxw dqg zdjhv plqxv WIS dqg vr dv orqj dv 4
vq
d+vw, ? vn
vq
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zklfk whqgv wr eh wkh fdvh/ lq dwlrq +dqg wkh qhz vwuhdp ri rswlpdo sulfhv, zloo eh surf|folfdo1
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Wkh| nh| lqvljkw ri Fdpsehoo +4<;:, lv wkdw zh duh deoh wr frqvwuxfw dq h{shfwdwlrq
ri wkh uljkw kdqg vlgh ri htxdwlrq +715, xvlqj d YDU wr fuhdwh iruhfdvwv ri rxu uhdo
dfwlylw| whupv1 Wr irupxodwh wkhvh iruhfdvwv zh xvh odjv ri pdujlqdo frvw dqg ri
lq dwlrq wr vxppdul}h doo sdvw shulrgv* lqirupdwlrq rq ixwxuh uhdo dfwlylw|1 Wkh
YDU lv wkhq zulwwhq/ vxssuhvvlqj frqvwdqwv/ lq uvw rughu irup dv=49
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Lw lv qrz d vwudljkwiruzdug h{huflvh wr jhqhudwh wkh uhtxluhg iruhfdvwv/ vlqfh lw lv
dssduhqw wkdw
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Lq frpsdfw irup zh pd| zulwh +717, dv=
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Wkh h{shfwdwlrq ri ixwxuh uhdo yduldeohv dorqh fdq wkhq eh zulwwhq lq wkh iroorzlqj
irup/ zkhuh h lv wkh lqglfdwru yhfwru d fo=
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Zh fdq wkhq zulwh +715, zlwk wkh dffrpsdq|lqj qxoo k|srwkhvlv wkdw wkh pdwul{
x lv df o=
3
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Zh xvh wkh YDU wr jhqhudwh rxu iruhfdvwv dqg khqfh wr surylgh d frpsdulvrq ri
wkh lq dwlrq suhglfwlrq ri rxu irupxodwlrq ri wkh QNSF wr wkh dfwxdo lq dwlrq udwh1
49Zkhq zh hvwlpdwh wklv YDU zh whvw grzq vhtxhqwldoo| iurp kljkhu rughu irupxodwlrqv1 Zh
dgrsw uvw rughu irup khuh sxuho| iru h{srvlwlrqdo vlpsolflw|1
45
7141 Gdwd dqg Hvwlpdwlrq
Lq rughu wr wdnh rxu ghulydwlrq ri wkh QNSF wr wkh gdwd zh frqvwuxfw phdvxuhv
ri hdfk hohphqw ri rxu uhdo dfwlylw| whup1 Zh xvh XN gdwd iurp 4<96=4 wr 5333=7
surylghg e| wkh R!fh ri Qdwlrqdo Vwdwlvwlfv14: Zh phdvxuh rxwsxw dv jurvv ydoxh
dgghg/ xvh wkh ydoxh dgghg gh dwru dv rxu phdvxuh ri wkh djjuhjdwh sulfh ohyho/
dyhudjh krxuv lq pdqxidfwxulqj dqg shuvrqv ri zrunlqj djh doorz xv wr phdvxuh
oderu lqsxwv dqg wkh vwrfn ri fdslwdo lv ghulyhg iurp wkh vdph vrxufhv1 Doo txdqwlwlhv
duh dgmxvwhg wr shu fdslwd whupv xvlqj wkh qxpehuv ri shrsoh ri zrunlqj djh +wkdw lv
wkrvh o|lqj lq wkh djh udqjh ri 4908< iru phq dqg 97 iru zrphq,1 Wkh sdudphwhu r?/
oderu vkduh/ lv frqvwuxfwhg xvlqj wkuhh phwkrgv= +l, lq whupv ri frpshqvdwlrq vroho|
iurp hpsor|phqw> +ll, wr dffrxqw dgglwlrqdoo| iru lqfrph iurp vhoi hpsor|phqw
dqg +lll, wr dffrxqw iru lqfrph iurp wkh pdunhw vhfwru dorqh udwkhu wkdq lqfoxglqj
wkh jryhuqphqw vhfwru14; Fdslwdo vkduh lv wkxv vlpso|/   r? Wr frqvwuxfw wkh
Vrorz uhvlgxdo zh lqyhuw htxdwlrq +5155,1 Wkh udwh ri wlph suhihuhqfh lv wdnhq wr
eh frqvlvwhqw zlwk dq dqqxdo uhdo udwh ri 8(1 Wkh suredelolw| ri upv uhfhlylqj d
vljqdo wr fkdqjh sulfhv/ k/ lv d iuhh sdudphwhu dqg rqh wkdw zh zloo lqihu/ hpsor|lqj
d olnholkrrg fulwhulrq/ iurp wkh gdwd1
Iljxuh 814 sorwv wkh lq dwlrq udwh/ rxu uhdo dfwlylw| vhulhv/ frqvwuxfwhg zlwk oderu
vkduh dffrxqwlqj iru vhoi0hpsor|phqw/ dqg dv d frpsdulvrq ghwuhqghg rxwsxw1 Wkh
sorw surylghv d fohdu suhoxgh wr pxfk ri wkh zrun lq wklv vhfwlrq1 Wkh wlph vhulhv
surshuwlhv ri lq dwlrq vhhp pxfk pruh forvho| doljqhg wr rxwsxw dxjphqwhg e|
rxu frpsrvlwh vkrfn whup lq surgxfwlylw| dqg cfrvwv* wkdq wr vlpso| rxwsxw dorqh1
Iru h{dpsoh/ ylvxdo lqvshfwlrq ri wkh gdwd vwurqjo| vxjjhvwv wkdw zklovw ghwuhqghg
rxwsxw pd| kdyh ehhq d jrrg suhglfwru ri lq dwlrq iru wkh hduo| sduw ri wkh 4<:3v/
lw kdv ehhq vrphzkdw ohvv wkdq shuihfw lq wkh odwh 4<;3v ru 4<<3v1
Wkh whvw ri rxu yhuvlrq ri wkh QNSF lv frqgxfwhg lq d qxpehu ri vwdjhv1 Iluvw/ wkh
odj ohqjwk lq wkh YDU/ htxdwlrq +716,/ lv fkrvhq zlwk uhihuhqfh wr d vhulhv ri vhtxhqwldo
orj olnholkrrg udwlr whvwv1 Khuh zh whvw hdfk ri wkh dfwlylw| whupv/ fdofxodwhg zlwk
hlwkhu hpsor|phqw dorqh ru dovr frpsulvlqj vhoi0hpsor|phqw/ dqg qg wkdw wkh odj
4:Doo wkh gdwd dqg frghv xvhg iru hvwlpdwlrq duh dydlodeoh rq uhtxhvw1
4;Zh suhvhqw uhvxowv iru +l, dqg +ll,1 Wkh uhvxowv iru +lll, duh dydlodeoh rq uhtxhvw exw surylgh qr
vljlfdqw glhuhqfh wr wkrvh iru +ll,1 Djdlq wkh vsuhdgvkhhwv ghwdlolqj wklv fdofxodwlrq duh dydlodeoh
rq uhtxhvw1
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ohqjwk ri wkh YDU vkrxog eh 8 txduwhuv1 Wdeoh 4 vkrzv wkdw zh duh deoh wr uhmhfw
wkh }hur uhvwulfwlrqv lpsolhg rq wkh 7wk odj zkhq zh uhgxfh wkh odj ohqjwk iurp 8 wr
71 Zh wkhuhiruh suhvhqw uhvxowv iru 8 odjv1
Htxdwlrq +715, vxjjhvwv wkdw wkh QNSF lpsolhv rqh zd| Judqjhu fdxvdolw|
uxqqlqj iurp lq dwlrq wr uhdo dfwlylw|/ dqg zh whvw dffruglqjo|1 Wkh h{lvwhqfh ri
Judqjhu fdxvdolw| khuh lv vlpso| lqglfdwlqj wkdw xqghu wkh QNSF fxuuhqw shulrg
+iruzdug0orrnlqj, lq dwlrq lv d +glvfrxqwhg, glvwulexwhg ohdg ri ixwxuh dfwlylw|1
Wdeoh 5 surylghv fohdu hylghqfh wkdw lq dwlrq lv lqghhg irxqg wr Judqjhu fdxvh
uhdo dfwlylw|/ wkdw lv surylghv vwdwlvwlfdoo| vljqlfdqw lqirupdwlrq frqfhuqlqj ixwxuh
dfwlylw|/ zkhuhdv wkh uhyhuvh lv odujho| uhmhfwhg1
Zh pryh rq wr hvwlpdwh rxu YDU iru wkh zkroh vdpsoh lq wkh shulrg iurp
4<;31 Iurp wkh hduolhu glvfxvvlrq/ zh uh0lwhudwh wkdw wkh iruzdug0orrnlqj whvw ri
wkh QNSF lqfoxghv d mrlqw whvw ri wkh sdudphwhu k dqg zkhwkhu wkh glvfrxqwhg
suhvhqw ydoxh ri h{shfwhg uhdo dfwlylw| gulyhv fxuuhqw lq dwlrq dorqh1 Zh xvh d
ehqfkpdun +xquhvwulfwhg, prgho wr lqihu dq hvwlpdwh ri k1 Zh qg wkdw iru uhdo
dfwlylw| phdvxuhg zlwk vhoi hpsor|phqw lqfrph/ wkh hvwlpdwhv iru erwk vxe0vdpsohv
duh lqvljqlfdqwo| glhuhqw iurp rqh dqrwkhu dw durxqg 317814<
Zh wkhq uhvwulfw V 0 d sdudphwhu wkdw lv d ixqfwlrq ri k 0 wr olh lq d sodxvleoh
udqjh vxfk wkdw k lv ehwzhhq 314 dqg 31<1 Iljxuh 815 vkrzv wkh uhvxowv ri wklv julg
vhdufk iru wkh hvwlpdwhv rewdlqhg ryhu wkh ixoo vdpsoh1 Wkh fhqwudo hvwlpdwh +erog
olqh, ri k dw 3178 lpsolhv wkdw wkh x pdwul{ zloo iruhfdvw lq dwlrq zlwk d sdudphwhu
ri 41 Wkh Zklwh khwhurvfhgdvwlflw| dgmxvwhg vwdqgdug huuruv +gdvkhg olqhv, vxjjhvw
wkdw zh fdq eh <8( fhuwdlq wkdw k olhv lq wkh udqjh 317 dqg 31:1 Iljxuh 815 fohduo|
vkrzv wkdw rxu yhuvlrq ri wkh QNSF fdq eh dffhswhg dorqj zlwk d ghjuhhv ri sulfh
vwlfnlqhvv wkdw lpso| 406 txduwhuv ri djjuhjdwh {hg sulfhv1
Ilqdoo|/ Wdeoh 7 vkrzv wkh dssolfdwlrq ri wkh qrq0qhvwhg fkrlfh whvwv ri Yxrqj
+4<;<, lq rughu wr fkrrvh dfurvv prghov zlwk glhuhqw k sdudphwhuv1 Eulh |/ wkhvh
whvwv frpsduh wkh pd{lpl}hg ydoxhv ri wkh orj0olnholkrrg dqg lqirupdwlrq fulwhuld
uhvshfwlyho| xqghu wzr dowhuqdwlyh prghov1 Lq wklv fdvh zh vwduw iurp k ’ fD dqg
dvn zkhwkhu xqghu vhtxhqwldoo| kljkhu dowhuqdwlyhv l1h1 dv k whqgv wr rqh/ zh duh
4<Wkh uhvxowv ri wkh YDU4 odfn sdudphwhu frqvwdqf| lq wkh hvwlpdwh ri  ehfdxvh li zh gr qrw
dgmxvw iru vhoi hpsor|phqw lqfrph zh lqwurgxfh d grzqzdug wuhqg lqwr wkh sdwk vq lq wkh 4<;3v1
Wklv eldvhv xs wkh frh!flhqw ri odjjhg lq dwlrq rq pdujlqdo frvw dqg khqfh wkh phdvxuh  lq wkh
4<;3v1 Zh wkhuhiruh frqfhqwudwh rxu h{srvlwlrq rq wkh uhvxowv ri YDU51
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jdlqlqj lqirupdwlrq1 Zh xvh wkh yhuvlrq ri wkh whvw zkhuh rwkhu prghov duh nqrzq
ixqfwlrqv ri wkh ghshqghqw yduldeoh1 Zh qg wkdw dv zh jr ixuwkhu iurp k ’ fD
wkh olnholkrrg fulwhulrq grhv qrw vxjjhvw dq| dgydqwdjh lq vhohfwlqj wkh dowhuqdwlyh
prgho1 Rq wkh edvlv ri wkhvh whvwv/ wkhq/ zh frqfoxgh wkdw lw lv srvvleoh wr dffhsw d
forvh dssur{lpdwlrq wr wkh QNSF ghulyhg e| prghoolqj idfwru pdunhwv dorqj zlwk
k lq wkh udqjh ri 317031:/ dqg prvw suredeo| lq wkh orzhu kdoi ri wkdw udqjh1
Iljxuh 816 sorwv wkh lq dwlrq udwh frqvlvwhqw zlwk rxu suhihuuhg irupxodwlrq ri
wkh QNSF dorqj zlwk surohv frqvlvwhqw zlwk vljqlfdqwo| kljkhu dqg orzhu ghjuhhv
ri sulfh uljlglw|1 Zh qrwh wkh uhtxluhphqw iru d glhuhqw vfdoh iru k ’ f +wkh
ohiw0kdqg vfdoh,/ wkdw lv zkhuh sulfhv duh hvvhqwldoo| ixoo|  h{leoh1 Vlploduo|/ wkhuh lv
d yhu| fohdu lqglfdwlrq ri h{fhvvlyho| uljlg lq dwlrq udwhv rqfh sulfh0fkdqjlqj vljqdov
duh prghoohg dv ehlqj uhfhlyhg rq d iuhtxhqf| ri ;0< txduwhuv/ l1h1 k ’ fb1 Lq
rwkhu zrugv/ rxu prgho uhtxluh vrph vljqlfdqw exw qrw rxwodqglvk ghjuhh ri sulfh
vwlfnlqhvv lq rughu wr surylgh dq dffhswdeoh pdwfk wr wkh gdwd> zh qg wkdw zh fdq
fdswxuh pxfk ri wkh dfwlrq lq wkh djjuhjdwh gdwd rq wkh dvvxpswlrq wkdw lq wkh
djjuhjdwh upv uhfhlyh vxfk vljqdov lq wkh uhjlrq ri hyhu| 406 txduwhuv1
7151 Ilqdo Uhvxowv
Iljxuh 817 looxvwudwhv wkh hylghqfh wkdw wkh YDU0edvhg iruhfdvwv ri uhdo dfwlylw|
suhglfw fxuuhqw lq dwlrq yhu| forvho|1 Wdeoh 8 looxvwudwhv wkh prphqwv ri suhglfwhg
lq dwlrq iru sodxvleoh ydoxhv ri k zlwk dfwxdo lq dwlrq1 Zh qg wkdw k lq wkh uhjlrq
ri 3170319 pdwfkhv wkh prphqwv ri dfwxdo lq dwlrq forvho|1 Frpsduh wklv uhvxow zlwk
pxfk ri wkh h{wdqw olwhudwxuh wkdw txhvwlrqv wkh hpslulfdo ydolglw| ri wkh QNSF
+vhh/ iru h{dpsoh/ Ixkuhu dqg Prruh 4<<8 dqg Edoo1 5333,1 Fhuwdlqo| wkhuh lv qr
txhvwlrq ri iruhfdvwlqj wkh zurqj vljq lq lq dwlrq zlwk rxu prgho dqg rxu hvwlpdwhg
ghjuhh ri sulfh vwlfnlqhvv doorzv xv wr fdswxuh dghtxdwho| wkh wlph vhulhv surshuwlhv
ri lq dwlrq1 Exw iru d jlyhq phdq zh qg wkdw suhglfwhg lq dwlrq lv vrphzkdw pruh
yrodwloh wkdq dfwxdo lq dwlrq1 Iru h{dpsoh/ iurp 4<;3 rqzdugv/ rxu prgho suhglfwv
d phdq lq dwlrq udwh ri :139(/ frpsduhg zlwk dq dfwxdo phdq udwh ri :13<(1 Rq
wkh rwkhu kdqg/ zh vhh wkdw wkh dfwxdo vwdqgdug ghyldwlrq zdv 813</ frpsduhg zlwk
d suhglfwhg ydoxh ri 91:31 Orrnlqj ryhu wkh zkroh vdpsoh iurp 4<96 rqzdugv +ghwdlov
dydlodeoh rq uhtxhvw,/ zh qg wkdw wkh dfwxdo dqg suhglfwhg phdq lq dwlrq udwhv
olqh xs h{dfwo| dw :139(1 Zh dovr qg wkdw wkh glhuhqfh ehwzhhq dfwxdo +81;, dqg
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suhglfwhg +91:, vwdqgdug ghyldwlrq qduurzv vrphzkdw frpsduhg zlwk wkh vkruwhu
vdpsoh +e| doprvw rqh shufhqwdjh srlqw,/ dowkrxjk fohduo| wklv glhuhqfh uhpdlqv
dq lvvxh1
Wklv ch{fhvv yrodwlolw|* lq wkh QNSF suhglfwlrq ri lq dwlrq uhvxowv gluhfwo| iurp
kljk hvwlpdwhg shuvlvwhqfh lq wkh pdujlqdo frvw dqg lq dwlrq vhulhv1 Dowkrxjk wkh
xqlw frh!flhqw lq pdwul{ x fdq eh dffhswhg zh fdqqrw h{foxgh wkh srvvlelolw| wkdw
vrph lqirupdwlrq iru ixwxuh lq dwlrq lv surylghg e| odjjhg pdujlqdo frvwv1 Wkhuh
duh wzr srvvleoh h{sodqdwlrqv khuh1 Iluvw wkdw wkh vljqlfdqw frh!flhqwv rq pdujlqdo
frvw iru fxuuhqw shulrg lq dwlrq vxjjhvw wkdw fxuuhqw shulrg lq dwlrq lv vwloo dgmxvwlqj
wr suhylrxv shulrgv* pdujlqdo frvwv1 Vhfrqg wkdw wkh pdujlqdo frvwv duh slfnlqj xs
rwkhu elwv ri djhqwv* lqirupdwlrq vhw uhtxluhg wr iruhfdvw ixwxuh pdujlqdo frvwv wkdw
lq dwlrq fdqqrw 0 uhfdoo wkdw rxu YDU lv sduvlprqlrxv1 Zh ohdyh wklv txhvwlrq wr
ixwxuh uhvhdufk/ qrwlqj vlpso| wkdw rxu fxuuhqw irupxodwlrq rhuv d uvw rughu sdvv
rq wkh pdsslqj iurp wkhru| wr gdwd1
Wr vxp xs rxu prgho uhdolvwlfdoo| fdswxuhv k dqg ydulrxv prphqwv ri dfwxdo
lq dwlrq1 Dqg wkh forvh dssur{lpdwlrq wr dfwxdo lq dwlrq lv vwulnlqj iru vxfk d vlpsoh
prgho1 Rxu pdlq uhvxowv vxjjhvw wkdw e| prghoolqj idfwru pdunhwv zh duh deoh wr
xqghuvwdqg zlwklq wkh iudphzrun ri wkh QNSF wkh olqn ehwzhhq fxuuhqw lq dwlrq
dqg fxuuhqw rxwsxw1 Wklv wkhruhwlfdo olqn lv edfnhg xs zlwk d vxevwdqwldo dprxqw ri
hpslulfdo vxssruw1
81 Frqfoxglqj Uhpdunv
D vxevwdqwldo dprxqw ri uhfhqw zrun lq pdfurhfrqrplfv +erwk wkhruhwlfdo dqg srolf|0
rulhqwhg, kdv lqfrusrudwhg sulfh0vwlfnlqhvv/ jhqhudoo| lqyrnlqj wkh wlph0ghshqghqw
iudphzrun ri Fdoyr +4<;6,1 Vxfk prghov kdyh jlyhq ulvh wr d uhodwlrqvkls olqnlqj
lq dwlrq dqg rxwsxw wkdw qhyhuwkhohvv uhfhlyhv olwwoh ru qr vxssruw zkhq wdnhq wr
wkh gdwd1 Rxu ghulydwlrq ri wkh QNSF lv vlpsoh dqg lqwxlwlyh dqg fodulhv wkh olqn
ehwzhhq lq dwlrq dqg rxwsxw1 Lq grlqj vr/ lw kljkoljkwv wkh uhodwlyh urohv sod|hg
e| surgxfwlylw|/ frvw dqg suhghwhuplqhg yduldeohv1 Wklv lv dq lpsruwdqw olqn/ vlqfh
uxohv ri wkxpe zklfk vlpso| xvh rxwsxw dv d sur{| iru pdujlqdo frvw kdyh ehhq ri
olwwoh xvh lq prghoolqj lq dwlrq1
Rxu hpslulfdo dssolfdwlrq ri wkh prgho vhhpv wr gholyhu vrph qrwdeoh vxffhvvhv1
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Zh fdq wudfn zhoo phdq lq dwlrq/ dqg ylvxdo lqvshfwlrq ri dfwxdo dqg vlpxodwhg
gdwd uhyhdov d vxusulvlqjo| forvh fruuhodwlrq iru vxfk d vlpsoh prgho1 Rq wkh rwkhu
kdqg/ wkh prgho vrphzkdw ryhu0suhglfwv wkh vwdqgdug0ghyldwlrq ri lq dwlrq1 Zh
vxjjhvwhg/ exw glg qrw lqyhvwljdwh lq wklv sdshu/ wkdw h{whqglqj wkhvh prghov wr
lqfrusrudwh hhfwv iurp odjjhg dfwlylw| pd| eh dq lpsruwdqw wdvn iru ixwxuh uhvhdufk1
4:
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ss1457<045:61
^6‘ Fdoyr/ J D +4<;6,/ cVwdjjhuhg Sulfhv lq d Xwlolw| Pd{lplvlqj Iudphzrun*/
Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 45/ ss16;606<;1
^7‘ Fodulgd/ U/ M Jdoð dqg P Jhuwohu +4<<<,/ cWkh Vflhqfh ri Prqhwdu| Srolf|= D
Qhz Nh|qhvldq Shuvshfwlyh*/ Mrxuqdo ri Hfrqrplf Olwhudwxuh/ 6:+7,/ Ghfhpehu1
^8‘ Fkdgkd/ M V dqg F Qrodq +5334,/ cLq dwlrq dqg Sulfh Ohyho Wdujhwlqj lq d Qhz
Nh|qhvldq Prgho*/ iruwkfrplqj lq wkh Pdqfkhvwhu Vfkrro1
^9‘ Hufhj/ F M/ G Z Khqghuvrq dqg D W Ohylq +5333,/ cRswlpdo Prqhwdu| Srolf|
zlwk Vwdjjhuhg Zdjh dqg Sulfh Frqwudfwv*/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/
79+5,/ ss15;406461
^:‘ Ixkuhu/ M dqg J Prruh +4<<8,/ cLq dwlrq Shuvlvwhqfh*/ Txduwhuo| Mrxuqdo ri
Hfrqrplfv/ 443+43,/ ss145:048<1
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^<‘ Nlqj U J dqg P Zdwvrq +4<<9,/ cPrqh|/ Sulfhv/ Lqwhuhvw Udwhv dqg wkh
Exvlqhvv F|foh*/ Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ :;/ ss1680861
^43‘ Nlqj U J dqg D O Zropdq +4<<9,/ cLq dwlrq Wdujhwlqj lq d Vw1 Orxlv Prgho
ri wkh 54vw Fhqwxu|* QEHU Zrunlqj Sdshu Qr1 883:1
^44‘ Pdqnlz/ Q J dqg U Uhlv +5334,/ cVwlfn| Lqirupdwlrq Yhuvxv Vwlfn| Sulfhv=
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Mrxuqdo ri Prqh|/ Fuhglw dqg Edqnlqj/ 5:+7,/ ss1<:80<;71
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Iljxuh 815= Sulfh vwlfnlqhvv +{0d{lv, dqg sursruwlrqdolw| zlwk lq dwlrq +|0d{lv,
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Iljxuh 817= Frpsdulqj QNSF lq dwlrq +k@318/ wkh vrolg olqh, dqg dfwxdo lq dwlrq1
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Wdeoh 4 Rughu ri YDU Prgho
Odj Ohqjwk YDU4 YDU5
OU Whvw Dgm OU Whvw OU Whvw Dgm OU Whvw
: 815; df2Sfo 7193 do 61<7 deeo 6177 deHHo
9 <145 do :1<7 debo :1;3 deDo 91;3 dDDbo
8 4;135 dDo 481:3 d2fSo 48169 d222o 4616; de2o
7 ;4185 dfffo :4135 dfffo ;813: dfffo :7144 dfffo
6 <51<3 dfffo ;31<6 dfffo <518: dfffo ;3198 dfffo
5 437186 dfffo <413: dfffo 43717: dfffo <4135 dfffo
4 47513; dfffo 4561:; dfffo 46;1;; dfffo 454133 dfffo
3 96:13< dfffo 888137 dfffo 8<:175 dfffo 85317; dfffo
Qrwh= YDU4 uhihuv wr pdujlqdo frvw phdvxuhg zlwk hpsor|phqw lqfrph dqg YDU5 dovr frpsulvhv
lqfrph iurp vhoi hpsor|phqw1 Wkh whvw vwdwlvwlfv duh glvwulexwhg dv 2 dqg s0ydoxhv duh jlyhq lq
eudfnhwv1
Wdeoh 5 Judqjhu Fdxvdolw| Whvwv
Odj Ohqjwk YDU4 YDU5
sl$pf pf$sl sl$pf pf$sl
: 616; dfffo 415< d2Sfo 51:7 dfo 4164 d2Do
9 7145 dffo 414<: do 61838 dffo 4167 d2eo
8 7145 dff2o 5146 dffS.o 61:9 dffo 5169 dffeeo
7 819: dfffo 4177 d22o 8138 dffo 4137< dHDo
Qrwh= YDU4 uhihuv wr pdujlqdo frvw phdvxuhg zlwk hpsor|phqw lqfrph dqg YDU5 dovr frpsulvhv
lqfrph iurp vhoi hpsor|phqw1 Wkh whvw vwdwlvwlfv lv dq I0vwdw dqg s0ydoxhv duh jlyhq lq eudfnhwv1
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Wdeoh 6 Ehqfkpdun YDU Prghov
YDU4
4<9605333 4<;305333S


31;<: dfDeo 31:96 dfDeoS

2
31353 df2bo 313;4 dffoS

2
31355 dfDSo 031388 dffoS

22
31<8< dfSo 31<4; dfS2o
pf sl pf sl
3
-
2
31;93 31<89 31;;9 31;69
I0vwdw1 ;618: dfffo 5<7136 dfffo 8<143 dfffo 6<149 dfffo
Ixqf1 91:< dffbo 31645 dD.So 5175 d2fo 3189 deDeo
Qrup1 7148 df2Do 6418; dfffo 31;< dSefo 416: dDfo
Khwhu1 5;157 dfffo 44188 dffo 7163 dfHo 319;3 defbo
k 316: 3189
x d2ef fo dfHS fo
YDU5
4<9605333 4<;305333S


31:<7 dfSHo 31<43 dfDoS

2
31364 dfefo 31374 dfe.oS

2
031396 dfDo 031378 dfDeoS

2
31<;3 dfDo 31;;: dfDo
pf sl pf sl
3
-
2
31:67 31<8: 31;69 31<83
I0vwdw1 6;138 dfffo 5<9195 dfffo 6<149 dfffo 4741;< dfffo
Ixqf1 4138 dfDo 1335 dbS2o 3189 deDeo 7179 dfDo
Qrup1 81<6 dffD2o 5<196 dfffo 416: dDfo 3155 dHb.o
Khwhu1 541;9 dfffo 441;<7 dffo 319; defbo 61;5 dffDo
k 3178 317<
x df.D2 fo d2.fe fo
Qrwh= YDU4 uhihuv wr pdujlqdo frvw phdvxuhg zlwk hpsor|phqw lqfrph dqg YDU5 dovr frpsulvhv
lqfrph iurp vhoi hpsor|phqw1 Wkh vwdqgdug huuruv ri wkh uhjuhvvlrq duh Zklwh*v khwhurvfhgdvwlflw|
dgmxvwhg1 Wkh whvw vwdwlvwlfv duh glvwulexwhg dv 2 dqg s0ydoxhv duh jlyhq lq eudfnhwv1
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Wdeoh 7 Qrq0Qhvwhg Whvwv
k ’ fD
Vdujdq Whvw Yxrqj Whvw
k ’ fS 313:5; dfffo 471:788  dfffo
k ’ f. 3149:< dfffo 51496 dfo
k ’ fH 1366: dfffo 44163: dffffo
Qrwh= Wkh whvw vwdwlvwlfv lv dq I0vwdw dqg s0ydoxhv duh jlyhq lq eudfnhwv1 Lq hdfk fdvh wkh prgho
zlwk k ’ fD lv dozd|v suhihuuhg1
Wdeoh 8 Frpsdulqj Dfwxdo Lq dwlrq wr Suhglfwhg
> 4@ plq j j

j
2
j
e
j
2
Z| :13< 5819; 316: 813< 4183 8155
3
Z| m k ’ fee :189 <3186 04;135 531;7 41:4 917:
3
Z| m k ’ feD :145 7:1;< 071345 <13: 41:4 91;:
3
Z| m k ’ fD :139 6:155 04153 91:3 41:3 91;9
3
Z| m k ’ fS 91<6 5314: 514; 6177 4158 8144
3
Z| m k ’ fb 91<4 :189 919: 314: 415< 8154
Qrwh= Wkh iwk froxpq phdvxuhv vnhzqhvv/ zkhuh d srvlwlyh qxpehu phdqv wkdw wkh glvwulexwlrq
kdv d orqj uljkw wdlo1 Wkh vl{ froxpq phdvxuhv nxuwrvlv/ zkhuh d qxpehu lq h{fhvv ri 6 whoov xv
wkdw wkh glvwulexwlrq lv shdnhg +ohswrnxuwlf, uhodwlyh wr wkh qrupdo1
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